A NOTE ON HOOK LENGTH FORMULAS FOR TREES 



MARKUS KUBA 

Abstract. In this short note we discuss recent results on hook length formulas of trees uni- 
fying some earlier results, and explain hook length formulas naturally associated to families 
of increasingly labelled trees. 



1. Introduction 

In recent works Han [3, 4] developed an expansion technique for deriving hook length formulas 
for binary trees. Han's technique was applied by Chen et al. [1] to A;-ary trees, plane trees, 
labelled trees and related families of forests. Moreover, Yang [5] also gave extensions of Han's 
results for tree families related to k-ary trees and plane trees. Furthermore, Sagan recently 
gave probabilistic proofs for some results of [3, 5, 1]. In this short note we apply Han's 
expansion technique to families of weighted trees. The weights are similar to the weights 
in so-called simply generated tree families. This enables us to (re)-derive families of hook 
length formulas naturally associated to families of increasingly labelled trees, and to unify 
some results of [1, 5]. First we give a quick review of the terminology. For a tree T the 
hook length of a vertex v £ T, devoted by h^, is the number of descendants of node v with 
the convention that a node is counted as a descendant of itself. For a given weight function 
p : — 7- M we can associate to any given tree T of some tree family, e.g., T being a binary 
tree or a plane tree, a weight 

Whook{T) = Y\ p{hv)- (1) 

Han [3] derived the following result for binary trees, where B{n) denotes the set of binary 
trees of size n, i.e. with n vertices. If the relation 

w,,ookiT))z- = F{z), (2) 

n>l T&B{n) 

holds, then the weight function p satisfies 

[z-]F{z) 

Here [z"] denotes the extraction of coefficient operator, [z^]F[z) denotes the coefficient of z^ 
in the formal power series expansion of F{z). The result 2, 3 was extended by Chen et al. [1] 
and Yang [5] using Han's method, and many hook length formulas were deduced. We extend 
the relation 2, 3 to trees which are weighted in analogy to simply generated tree families 7", 
sometimes also called simple varieties of trees, Flajolet and Sedgewick [2]. Important steps 
in this direction where already carried out by Chen et al. [1] and Yang [5]. 

A class T of simply generated trees can be defined in the following way. A sequence of non- 
negative real numbers [(pk)k>Q with 999 > [ipk can be seen as the multiplicative weight of a 
node with out-degree k) is used to define the weight w{T) of any ordered tree T by u;deg(T) := 
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Ylv ^d{v) ) where v ranges over all vertices of T and d{v) is the out-degree (the number of 
children) of v (in order to avoid degenerate cases we always assume that there exists a k >2 
such that ifk > 0). The family T consists then of all trees T with t/;deg(T) ^ together with 
their weights Wdcg{T)- It follows further that for a given degree-weight sequence {ifk)k>o the 
generating function T{z) := Yln>i '^nZ^ of the quantity total weights T„ := X]|T|=n '^deg{T), 
where |T| denotes the size of the tree T, satisfies the functional equation 

T[z) = z^{T{z)), (4) 

where the degree-weight generating function (p{t) is given by (p{t) = J2k>o^kt''- suitable 
choices for the degree generating function (f{t) one obtains several important tree families as 
special cases, such as binary trees ip{t) = (1 + t)"^, /c-ary trees ip{t) = (1 + t)*^, plane trees 
ip{t) = 1/(1 — t), labelled trees, ip{t) = e*, see [2]. 

2. Main result 

Theorem 1. For a given degree weight generating function ip{t) assume that the relation 

E Wdes{T)whook{T))z^ = F{z), (5) 
n>l T&T{n) 

holds, where Wdeg{T) := W^ffdiv), Whook{T) = W^^^TPi^v), and T is the family of ordered 
trees. Then the weight function p satisfies 

Example 1. One obtains Theorem 2.1, 3.1, 4.1 of Chen et al. [1] by considering ip{t) = 
(1 + 1)^ , ip{t) = 1/(1 — t) and ip{t) = e*. Moreover, the families of degree weight generating 
functions considered by Yang [5] are given by ip{t) = (1 -|- s • i)™, for real parameters s and 
m. 

Proof. Let Fn = [z^]F{z). By definition we have 

Fn= E '^deg{T)whook{T). 
Ter{n) 

Following Han [3], see also Chen et al. [1] and Yang [5], we use the so-called top-bottom 
decomposition of a tree, decomposing a tree into a root r and a subtrees attached to the root. 
Assuming that the root of a given size n tree T has outdegree j > 1. Then we get a degree 
weight factor (pii[r) = fji ^ hook length weight factor p{hr) = p{n), and factors corresponding 
to j non-empty subtrees T^, 1 < £ < j, dangling from the root, 



Wdeg{T)wi,ook{T) = (fj ■ p{n) ■ Y[ {wdcg{Te)wi,ook{Ti 

t=\ 

By considering all possible ways to build a tree of size n we get 

i 

E ^dcg(r)u;hook(T)=p(n)E'^i E WFn,=p(n)\z^-^\^{F{z)). 

One still has to check the initial case n = 1. In accordance to the definition Fi = ipQp{l) we 
get for n = 1 the equation p{\) = [^ojj^^^'])-) = which proves the stated result. □ 

One may also derive expansions of (p{F{z)), related to forests, as shown below. 
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Theorem 2. For a given degree weight generating function (p[t) assume that the relation 

(7) 



¥'0 + ^(^ ^ Wdeg{T)whook{T)jZ^ = G{z) 
n>l TeF{n) 



-n>l TeT{n) ' 



holds, for a class of forests T, where Wdeg(T) := n^V^rfCi-); Whook(T) = Yl^^zxPiK), and T is 
the family of ordered trees. Then the weight function p satisfies 

where (p^^^\t) denotes the inverse degree weight generating function, Lp{ip^^^\t)) = t. 
Proof. By application of the inverse function ip^^^^t) we obtain the equation 
^(^) = E( E WrKook(T))z" = (^[-i](G(z)). 

n>l T&T{n) 

Hence, by Theorem 1 we obtain 

(g(z)) [z"]99[-i1(g(z)) 
P{n) = 7 ^ = ^ TTTTT^i ^ > 1- (9) 

[z--^^[^[~^\{G{z))) [z^-']G{z) ' - 

□ 

Example 2. One readily obtains Theorem 3.4 and 4.4 of Chen et al. [1] concerning plane 
forests, and forests of labelled trees by considering the degree weight generating functions 
if{t) = 1/(1 - t), such that 

and ip{t) = e*, such that 

3. Increasing trees and hook length formulas 

3.1. Definition. Increasing trees are labelled trees where the nodes of a tree of size n are 
labelled by distinct integers of the set {1, . . . , n} in such a way that each sequence of labels 
along any branch starting at the root is increasing. Formally, a class T of a simple family 
of increasing trees can be defined in the following way, similar to simply generated trees. A 
sequence of non-negative numbers {ipk)k>o with 990 > is used to define the weight w{T) of 
any ordered tree T by WdegiT) = ^d{v)i where v ranges over all vertices of T and d{v) is 
the out-degree of v (we always assume that it exists a, k > 2 with ip^ > 0). Furthermore, 
C{T) denotes the set of different increasing labellings of the tree T with distinct integers 
{1, 2, . . . , |r|}, where |r| denotes the size of the tree T, and L{T) := \C{T)\ its cardinality. 
Then the family T consists of all trees T together with their weights w^egiT) and the set 
of increasing labellings C(T). For a given degree- weight sequence {(pk)k>o with a degree- 
weight generating function ip{t) := Ylk>o^kt'' ^ define now the total weights by := 
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X]|T|=n ^deg(^) ' -^(^)- follows then that the exponential generating function T{z) := 
X^n>i -^"fn" satisfies the autonomous first order differential equation 

T'iz) = ip{T{z)), r(0) = 0. (10) 

3.2. Natural hook length formulas. For any unlabelled rooted tree T having n vertices 
the following formula for L(T) := \C{T)\ is well known. 

llveT 

Hence, the definition of the total weights T„ naturally involves hook lengths, 

^'deg(T) • =Tn. 

Example 3. Let (p{t) = 1/(1 - t^, a > 0. Then, according to (10) T'{z) = (1 - T(z))^°, 
such that T{z) = 1 - (1 - (a + l)z)i/("+i), and r„ = [z"]r(z) = (a + l)'^-i(n - 1)! (""^^^p) . 
Hence, we obtain 



E 

Ter{n) 



n("";:n)-n;^-'°-'"-'<"-'K""::r 



In order to derive the formula above from Theorem 1 one adapts <p{t) = 1/(1 — t)" and 
F{z) = 1 - (1 - (a + l)z)i/("+i) such that 

^ [z^]F{z) ^ [z-]F{z) ^ 1 
' [z"-i](p(F(z)) [z«-i]F'(z) n' 
which also leads to the stated formula. 

The case a = 1 appears as Example 3.2 in [1] and was the primary motivation/inspiration 
for writing this short note. Similarly, related formulas for k-aiy increasing trees, etc., can be 
obtained from Theorem 1 . 
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